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Abstract

Building on previous efficient Raman downconversion achievements, we present

analytical theoretical results predicting that the upconversion efficiency from

a continuous-wave pump beam into a single Raman anti-Stokes order can ap-

proach the quantum limit of 50%. We consider high-finesse cavity enhance-

ment of the Raman-resonant four-wave mixing process to enable pumping with

relatively low-power lasers. In addition to its practical value as a means of effi-

ciently upconverting visible and near-infrared continuous-wave laser light, this

technique can offer a probe into the fundamental limits and gain suppression

subtleties associated with Raman-resonant four-wave mixing.
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1. INTRODUCTION

There has been a growing effort to improve the efficiency with which a pump beam can be

frequency upconverted into an anti-Stokes beam through the Raman-resonant four-wave-

mixing (FWM) process. In the pulsed laser regime, anti-Stokes conversion improvements

have involved temporal pulse shaping, spatial focusing, and off-axis Stokes seeding.1,2 More

recently, researchers have explored near-maximal atomic coherence techniques.3–5 However,

little research has been performed in the lower-power continuous-wave (cw) regime, presum-

ably due to insufficient gain for the nonlinear process.

We are aware of three previous studies for which cw anti-Stokes conversion is significant.6–8

Each of these utilizes a pump source whose frequency is nearly resonant with a single-photon

transition in an atomic vapor. From the data shown by Gauthier, Malcuit, and Boyd,6 one

can estimate the maximum anti-Stokes power conversion efficiency to be near 3%, while

Zibrov, Lukin, and Scully8 report a maximum power conversion of 4% into multiple orders

of Stokes and anti-Stokes combined. No cavity enhancement was needed for these studies

because of the enhanced nonlinearity near the single-photon resonances. However, for the

purpose of optical frequency conversion, reliance on these atomic resonances has the adverse

effect of severely limiting the suitable pump source frequencies, and therefore the generated

optical frequencies. In the present work, we describe theoretically how it is possible to

approach the quantum conversion limit of 50% from a cw pump laser into a single anti-Stokes

order using high-finesse cavity (HFC) enhancement of the Raman-resonant FWM process

in diatomic hydrogen gas. All of the optical frequencies involved are very far detuned from

any single-photon atomic transitions, which permits frequency upconversion of laser sources

throughout the visible and near-infrared spectral regions.

Similar HFC enhancement techniques were recently exploited to efficiently downconvert

2



low-power cw pump laser light into Stokes light by placing gaseous Raman media (H2 or

D2) within doubly-resonant HFCs.9,10 For these Raman systems, researchers have experi-

mentally demonstrated input threshold powers of under 1 mW,11 output linewidths below

10 kHz,9 output optical powers exceeding 160 mW,10 and photon conversions approaching

70%.12 Photon conversions are predicted to approach the quantum limit of 100% with prop-

erly chosen mirrors.13 Researchers have accurately modeled the output behavior of these

systems by approximating the hydrogenic molecules as three-level Λ systems interacting

with the cavity-enhanced pump and Stokes field modes.9,14,15 A very small amount of para-

metric anti-Stokes light accompanied the Stokes emission from these cw Raman systems.16

This emission was treated theoretically with the assumption that the anti-Stokes generation

did not appreciably affect the other two fields because there was no anti-Stokes cavity en-

hancement in these systems. In another related work, Shinzen and co-workers numerically

studied the possibility of using HFC enhancement of the anti-Stokes field to generate highly

repetitive optical pulses.17 In the present work, we demonstrate how the HFC enhance-

ment techniques used for cw Raman downconversion can be used for efficient cw anti-Stokes

upconversion via the Raman-resonant FWM process.

After this introduction, we use Section 2 to outline the derivation for the time-dependent

intracavity field equations for this system. In Section 3 we derive and discuss analytical

steady-state expressions for the intracavity optical powers, the Stokes laser threshold, and

the photon conversion efficiencies. In Section 4 we discuss the challenges and possibilities

of experimentally realizing this cw anti-Stokes generation system. In the final section, we

review our findings and provide some concluding thoughts.
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2. TIME-DEPENDENT RESULTS

Throughout this work, we consider the S00(1) rotational Raman transition (shift= 587

cm−1 = 17.6 THz) in diatomic hydrogen gas as a specific example.18 We assume that the

Raman gas occupies the volume between the mirrors of a HFC, as has been previously

demonstrated. We approximate the hydrogen molecules as three-level systems as shown in

Fig. 1(a). Level 1 represents the ground state, level 2 the first excited rotational state, and

level 3 the first excited electronic state of the molecule. Single-photon 1–2 transitions are

forbidden by selection rules.

During the anti-Stokes generation process, the Raman medium interacts with three

strongly cavity-enhanced fields: the input pump (ωp), the generated Stokes (ωs), and the

generated anti-Stokes (ωas). We consider the case where the input pump laser is in the

visible (532 nm) spectral region, so that the three optical fields are all very far detuned [by

∆ = 63, 170 cm−1 = 1, 895 THz and ∆as = 62, 580 cm−1 = 1, 877 THz in Fig. 1(a)] from

the allowed single-photon transitions (1–3 and 2–3). In Fig. 1(a), we identify two Raman

interactions that are involved with the anti-Stokes generation: “Raman 1” for the pump

↔ Stokes interaction, and “Raman 2” for the anti-Stokes ↔ pump interaction. The FWM

interaction involves all the fields. The presence of level 2 allows all these interactions to be

Raman (two-photon) resonant (ωp - ωs = ωas - ωp = ω2 - ω1).

There are several ways to obtain the semiclassical time-dependent field equations for this

system. One can use the work of Harris and Sokolov19 in the appropriate limits and modified

to accommodate cavity enhancement.15 Alternatively it is possible to apply the Heisenberg

equation of motion directly to the Hamiltonian that describes the interactions shown in

Fig. 1(a).20 In either case, one can use the fact that the single-photon detunings are by far

the largest rates in the system (including the Rabi frequencies) to adiabatically eliminate
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the atomic coherences that involve level 3, disregard single-photon absorption, ignore the

level 3 population, and neglect Stark shifts and power broadening. Furthermore, one can

also adiabatically eliminate the Raman (1–2) coherence and neglect population in level 2

for the decay rates and optical powers that are appropriate to this system. With these

simplifications we derive the following coupled intracavity field equations20

α̇p =− κpαp −G1|αs|2αp + G2|αas|2αp + τ−1
rt

√
Tp,0 αin

p , (1)

α̇s =− κsαs + G1|αp|2αs + G12 α2
p α∗as, (2)

α̇as =− κasαas −G2|αp|2αas −G12 α2
p α∗s, (3)

where the α’s are unitless complex intracavity field amplitudes, except for αin
p , which is

the external input pump field, τ rt is the cavity round-trip time, κ’s are cavity field decay

rates [κ ≡ −(ln R rt)/2τ rt where R rt is the round-trip power reflectivity], Tp,0 is the power

transmissivity of the input coupler mirror at the pump wavelength, and the G’s are gains;

G1 for the pump ↔ Stokes Raman interaction (Raman 1), G2 for the anti-Stokes ↔ pump

Raman interaction (Raman 2) and G12 for the FWM interaction. Because we assume Raman

resonance, G1 and G2 are real, but G12 can still be complex.

In Eqs. (1) - (3) we have assumed that all three fields are resonant with active modes

of the HFC. This is justified for the pump field because its frequency can be electronically

stabilized to an active cavity mode, and for the Stokes field because it will build on the

active cavity mode nearest to the Raman gain linecenter. However, this is only justified for

the anti-Stokes field when the Raman gas dispersion can be compensated for each round

trip in the cavity. Experimentally achieving this condition will be discussed in Section 4.

Even though we assume that the mode pulling effects of the Raman gas dispersion can

be compensated, we still must account for the phase mismatch effects of the Raman gas
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dispersion over one round trip. These effects are included in the calculation of the FWM

gain, G12. Specifically, we incorporate the Boyd-Kleinman factors21 in the analysis and find

that each of the G’s involves a spatial overlap integral over the cavity modes associated with

the particular process. We will soon show that the integral in G12 generates the deleterious

phase-mismatch parameter that is due to the dispersion of the gas molecules.

It is worth noting here that no FWM terms (those with G12) directly influence the pump

field dynamics in Eq. (1). Furthermore, from the equations for the lower level populations

(which don’t appreciably affect the fields),20

J̇11 =γ̄21J22 − 2 G1|αs|2|αp|2 − 2 G2|αp|2|αas|2

− [
2 G12 α2

p α∗s α∗as + c.c.
]
, (4)

J̇22 =− J̇11, (5)

where γ̄21 is the population decay rate of level 2, one can see that there are FWM contri-

butions to the populations of levels 1 and 2. This evidence supports the assertion by Bobbs

and Warner that the FWM interaction involves energy exchange with the medium.22 There-

fore, the more detailed energy level diagram given in Fig. 1(b), which shows the direction

of energy flow, does not correctly describe the FWM contributions alone. However, we will

soon show that when all interactions (FWM and Raman) are included, one can correctly

interpret the overall anti-Stokes generation process as involving no net energy exchange with

the medium as shown in Fig. 1(b).
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3. STEADY-STATE RESULTS

By setting Eqs. (1) - (3) to zero, and after a fair amount of algebraic manipulation, the

steady-state unitless semiclassical intracavity powers above threshold can be expressed as

|αp|2 =

(
1

1− x

)
κs

G1

, (6)

|αs|2 =

(
1

1− x2/y

)
κp

G1

(√
rp − 1

)
, (7)

|αas|2 =

(
x− x2/y

1− x

)
κs

κas

|αs|2, (8)

where rp ≡ |αin
p |2/|αth

p |2 is the incident unitless pump power normalized to threshold, which

is given by

|αth
p |2 =

(
1

1− x

)
κ2

pκsτ
2
rt

G1Tp,0

. (9)

In the above expressions, the unitless quantity

x ≡





1− 2x0(1− y)[
(1− x0)

2 + 4x0(1− y)
]1/2 − (1− x0)

(0 < y < 1)

x0. (y = 1)

(10)

depends on the two unitless parameters y and x0. We find that y depends only on the spatial

overlaps of the three active cavity modes and is given by

y ≡ |G12|2
G1G2

=

∣∣∣∣
∫

atoms

u2
pu
∗
su
∗
asdr

∣∣∣∣
2

(∫

atoms

|up|2|us|2dr
)(∫

atoms

|uas|2|up|2dr
) , (11)

where the integrals are over the volume containing the atoms and the u’s are the active cavity

eigenmodes. Physically, y is a measure of how well the cavity modes overlap spatially for the

purpose of anti-Stokes generation. The numerator comes from the FWM contribution and

includes the deleterious effects of the phase mismatch due to dispersion of the gas molecules.

When the three cavity modes are identical (which can’t happen unless the wavelengths are
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identical), y reaches its maximum value of unity. Under more realistic circumstances, the

three active cavity modes don’t perfectly overlap in space due to disparate waist sizes and

standing wave periods (if a standing wave cavity is used), and due to dispersion-induced

phase mismatch in the Raman gas. These factors reduce y below unity.

Assuming traveling-wave fundamental Gaussian cavity modes in the plane-wave limit

(when the confocal parameter is greater than the cavity length), the previous expression can

be simplified to

y ≈4(kp + ks)(kas + kp)

(2kp + ks + kas)2
sinc

[
L

2
(2kp − ks − kas)

]
,




traveling waves,

plane-wave limit


 (12)

where the k’s are wavenumbers for the various fields in the gas. The initial fraction is a

measure of the spatial overlap in the radial dimension, while the sinc function accounts

for the phase mismatch in the axial dimension. For the rotational H2 Raman shift under

consideration at a pressure of 8 atm, a temperature of 295 K, and for a 30-cm round-trip

cavity length, y = 0.972. The refractive indices needed for this calculation were extrapolated

from a polynomial fit to existing experimental data at other wavelengths.23 For systems

with larger Raman shifts, longer cavity lengths, or higher pressures, the y parameter will be

smaller.

The important parameter x0 in Eq. (10) depends on the relative strengths of the cavity-

enhanced Raman processes involved rather than on the spatial aspects of the cavity, and is

given by

x0 ≡G2

G1

κs

κas

≈ G2Fas

G1Fs

, (13)

where Fas and Fs are the cavity finesses at the anti-Stokes and Stokes wavelengths, respec-

tively. The parameter x0 can therefore be interpreted physically as the relative effective gain
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for the two cavity-enhanced Raman processes present in this system. Experimentally, one

can adjust x0 by changing the relative reflectivities of the cavity mirrors at the Stokes and

anti-Stokes wavelengths. When the cavity-enhanced Raman gains are equal, x0 = 1.

There are two important aspects of Eqs. (6) - (9) that deserve discussion. First, when

x0 ¿ 1, corresponding to no anti-Stokes cavity enhancement, x → 0 regardless of y and the

equations directly match the theoretical and experimental behavior of the strictly Stokes

generation systems that have been previously achieved for frequency downconversion.9,20

Even with the anti-Stokes enhancement, the behavior is still very similar to that of the

strictly Stokes generation systems: the pump power above threshold is independent of the

pump rate (it simply clamps at a higher level) and the Stokes power grows as the square

root of the pump rate (a portion is simply diverted to anti-Stokes). Second, as x approaches

unity, which occurs for excellent spatial overlap and phase matching (y → 1) and when the

two cavity-enhanced Raman gains are nearly equal (x0 → 1), the Stokes laser threshold from

Eq. (9) increases dramatically. We interpret this threshold rise as a direct manifestation of

a Raman gain suppression phenomenon that was predicted by Bloembergen and Shen long

ago24 and later observed experimentally by several groups in the pulsed laser regime.25,26

It is also possible to view the gain suppression as quantum interference between the two

Raman pathways to level 2.

Although enhancement of the anti-Stokes field can therefore suppress the Stokes gain, we

find that this gain suppression is also directly associated with an increased photon conversion

to the anti-Stokes. To see this, we convert the intracavity optical powers given by Eqs. (7)

and (8) into powers exiting the cavity. It is then straightforward to show that the peak

conversion efficiency for both the Stokes and the anti-Stokes occurs for a pump rate of four

times the Stokes laser threshold (rp = 4), as for the strictly Stokes generation systems.13 At
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this pump rate, the peak conversion efficiencies are given by

ηs =
|αout

s |2
4|αth

p |2
=

(
1− x

1− x2/y

)
Tp,0

(1−Rp, rt)

Ts,0

(1−Rs, rt)
(14)

ηas =
|αout

as |2
4|αth

p |2
=

(
x− x2/y

1− x2/y

)
Tp,0

(1−Rp, rt)

Tas,0

(1−Ras, rt)
. (15)

The photon conversion efficiencies, with the peak values given by Eqs. (14) and (15), are

plotted in Fig. 2 as functions of the pump rate for several different values of the relative

gain parameter x0. For these plots, we have assumed y = 1 (so that x = x0) and that the

input/output coupler transmission dominates the other cavity mirror losses [T0 ≈ (1−R rt)].

All of the curves peak at a pump rate of rp = 4, as expected. As the parameter x0 is increased

from zero to near unity, the peak Stokes conversion falls from 100% to 50%, while the peak

anti-Stokes conversion grows from zero to 50%. Therefore, for excellent spatial overlap and

phase matching (y → 1), and when the cavity-enhanced gains for the two Raman processes

are nearly equal (x0 → 1), the conversion efficiency approaches the quantum limit for anti-

Stokes generation via the Raman-resonant FWM process. That is, a pair of pump photons

is exchanged for one Stokes photon and one anti-Stokes photon, as shown in Fig. 1(b).

4. SYSTEM ANALYSIS

Clearly, imperfect spatial overlap and phase matching, as well as mirror losses will reduce the

peak conversion efficiencies through Eqs. (14) and (15) for any experiment. However, a less

explicit experimental obstacle is caused by the x dependence in Eq. (9). Although Fig. 2(b)

illustrates that a value of x approaching unity is desirable for high conversion to anti-Stokes,

this limit also corresponds to a prohibitive increase in the Stokes laser threshold due to gain

suppression, making it more difficult to achieve the four-times-threshold condition required

for optimal conversion.

To elucidate the relationship between the rising threshold and the increasing conversion,
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Figs. 3(a) and 3(b) show the Stokes threshold from Eq. (9) and the peak anti-Stokes conver-

sion efficiency from Eq. (15), both as functions of the experimentally accessible parameter x0.

The horizontal axis can be viewed as as a measure of the anti-Stokes cavity enhancement.

We normalize the threshold curves in Fig. 3(a) to the case when x0 = 0 (no anti-Stokes

enhancement). The solid curves labeled A represent the ideal case of perfect spatial overlap,

perfect phase matching, and impedance-matched lossless mirrors. Complete Stokes gain sup-

pression occurs for this case when x0 = 1 (equal cavity-enhanced gains for the two Raman

processes). But despite the prohibitive threshold increase as x0 approaches unity, substan-

tial conversion can still be achieved for slightly lower values of x0, corresponding to very

mild threshold increases. For instance, when x0 = 0.5, the threshold only doubles relative

to that when x0 = 0, and the conversion efficiency reaches 33%. We find it interesting that

the Stokes gain suppression was traditionally avoided in the production of anti-Stokes in

the past, whereas it can now be interpreted as actually providing the means for anti-Stokes

conversion in this system.

More realistic cases are given by the dotted curves labeled B and C in Figs. 3(a) and 3(b).

The curves labeled B include the effects of imperfect spatial overlap and phase matching

(y = 0.972), while the curves labeled C additionally include the effects of imperfect mirrors.

For curves C, we assume that three of the four ring cavity mirrors are coated as highly

reflective as currently possible [<10 parts per million (ppm) overall loss]. We assume that

the final input/output coupler mirror exhibits 440 ppm transmission and 60 ppm absorp-

tion/scattering for all three wavelengths. The reason for the relatively high absorption will

be discussed shortly. The imperfect phase matching prevents complete gain suppression

from ever occurring for curves B and C, but the peak conversion still occurs for x0 = 1.

In the absence of anti-Stokes enhancement (x0 ≈ 0), the Stokes laser threshold is under
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2 mW. With the nearly 10-fold increase in the laser threshold that is due to anti-Stokes

enhancement at x0 = 1 and mirror losses, anti-Stokes conversion can exceed 30% (occurring

at four times threshold) with around 80 mW of injected pump light. The luxury of greater

available pump power can afford conversion efficiencies approaching the fundamental limit

of 50% by reducing the cavity length and increasing the input/output coupler transmissivity

relative to the other cavity losses.

Up to this point, the effect of the Raman gas dispersion has been only to cause a phase

mismatch (embedded in the y parameter) that limits the peak anti-Stokes generation by

disrupting the quantum interference between the Stokes and anti-Stokes Raman channels.

However, the Raman gas dispersion also complicates the formidable experimental challenge

of ensuring that all three fields simultaneously resonate within the HFC. The conceptual

schematic in Fig. 4 illustrates this problem (the schematic is not to scale). The longitudinal

modes of the HFC (shown as dotted vertical lines) are not evenly distributed in frequency

due to the gas dispersion. The pump laser is phase/frequency stabilized to one mode of the

HFC and the Stokes field builds on the cavity mode nearest to its gain peak, as previously

demonstrated.27 However, dispersion of the hydrogen gas will prevent the generated anti-

Stokes frequency (ωas ≡ 2ωp − ωs) from automatically matching a cavity resonance (by

∼100 MHz for the system at hand). We therefore require that the input/output coupler

compensate for this dispersion each round trip. Fortunately, such dispersion-compensated

or “chirped” mirrors have recently received attention due to their roll in the generation of

mode-locked femtosecond laser pulses.28 The 60 ppm absorption of the input/output coupler

used in the calculations above are conservative estimates from our experience with mirrors

coated separately for two disparate wavelengths,12 but are a bit lower than other chirped-

mirror loss estimates.28 The gas pressure, cavity reflection angle, and two-photon dispersion
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can be used to fine tune the dispersion compensation and therefore to coerce the anti-Stokes

field into resonance.

Other possibilities exist for achieving the triple-resonance condition without using a

chirped input/output coupler. These include resonating the anti-Stokes in an adjacent lon-

gitudinal HFC mode or utilizing a higher order spatial mode to resonate one of the three

fields. Unfortunately, these methods suffer from either decreased phase matching over the

round-trip length or poorer spatial overlap of the active cavity modes. Nevertheless, the use

of higher order spatial modes may provide an excellent opportunity to study the physical

effects predicted in this work. In this case, the cavity geometry can be engineered such that

a higher-order spatial mode resonance overlaps with the anti-Stokes generation frequency.

Although the spatial overlap of the modes would not be optimal, this option would represent

a valid experimental verification of the theory presented here and would avert the monetary

and technical difficulties associated with manufacturing the chirped mirror. We also note

here that the cavity-enhanced anti-Stokes emission will exhibit a high-quality spatial mode

and a linewidth similar to that of the pump and Stokes fields (<10 kHz).9

5. CONCLUSION

In this work, we derived analytical results that predict the possibility of efficient cw anti-

Stokes generation using cavity-enhanced Raman-resonant FWM. Our approach originated

from previous successful experimental and theoretical research conducted on strictly Stokes

(no anti-Stokes) generation systems. We attributed the predicted Stokes laser threshold rise

with anti-Stokes cavity enhancement to a gain suppression phenomenon that was previously

studied in the pulsed regime. This phenomenon can also be interpreted as quantum inter-

ference between the two Raman pathways present in the system. We identified poor spatial

cavity mode overlap and phase matching, and mirror losses as the significant sources for de-
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creased photon conversion efficiency from the fundamental quantum limit of 50%. However,

we also identified the threshold rise and the need for dispersion compensation as significant,

but surmountable challenges for experimental realization. Using a rotational Raman tran-

sition in diatomic hydrogen gas, we predicted that photon conversion can exceed 30% in a

high-quality spatial mode for an input pump power of 80 mW.

Other transitions in other gases may ultimately prove more useful from a practical stand-

point. For instance, a system that uses a frequency-doubled Nd:Yag pump source to drive

the vibrational transition in diatomic deuterium gas is attractive as a simultaneous genera-

tor of red (Stokes = 633 nm), blue (anti-Stokes = 459 nm), and green (pump = 532 nm) for

color projection systems. In addition to possible cw frequency upconversion applications,

this technique can offer a probe into the fundamental limits and gain suppression subtleties

of Raman-resonant FWM. The authors gratefully acknowledge Jason Brasseur for many

useful discussions. This material is based upon work supported by the National Science

Foundation under Grant No. 0097222.
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List of Figure Captions

Fig. 1. To-scale energy level diagram showing (a) the pertinent atomic levels, fields, and

single-photon detunings (∆’s), and (b) the energy flow for the overall anti-Stokes generation

process.

Fig. 2. Photon conversion efficiencies for (a) the Stokes and (b) the anti-Stokes as functions

of the pump rate. Curves are given for several different values of the relative gain parameter

x0, and for idealized experimental conditions. The peak conversion occurs for rp = 4.

Fig. 3. Plots showing (a) the normalized laser threshold and (b) the anti-Stokes photon

conversion efficiency as functions of the relative gain parameter x. The solid curves represent

idealized conditions, the dotted curves labeled B include imperfect spatial overlap and phase

matching, and the dotted curves labeled C additionally include mirror losses.

Fig. 4. Conceptual schematic showing high-finesse cavity longitudinal modes in the presence

of dispersion. Vertical lines represent longitudinal cavity modes. The pump laser frequency

is actively stabilized to one cavity mode resonance (ωp) and the Stokes builds automatically

on another (ωs). However, the anti-Stokes generation frequency (ωas) does not match a

cavity mode resonance frequency unless dispersion compensation measures are taken.
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Fig. 1. To-scale energy level diagram showing (a) the pertinent atomic levels, fields, and

single-photon detunings (∆’s), and (b) the energy flow for the overall anti-Stokes generation

process.
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Fig. 2. Photon conversion efficiencies for (a) the Stokes and (b) the anti-Stokes as functions

of the pump rate. Curves are given for several different values of the relative gain parameter

x0, and for idealized experimental conditions. The peak conversion always occurs for rp = 4.
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Fig. 3. Plots showing (a) the normalized laser threshold and (b) the anti-Stokes photon

conversion efficiency as functions of the relative gain parameter x0. The solid curves represent

idealized conditions, the dotted curves labeled B include imperfect spatial overlap and phase

matching, and the dotted curves labeled C additionally include mirror losses.
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Fig. 4. Conceptual schematic showing high-finesse cavity longitudinal modes in the presence

of dispersion due to the Raman gas. Vertical lines represent longitudinal cavity modes. The

pump laser frequency is actively stabilized to one cavity mode resonance (ωp) and the Stokes

builds automatically on another (ωs). However, the anti-Stokes generation frequency (ωas)

does not match a cavity mode resonance frequency unless dispersion compensation measures

are taken.
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