Condensed Matter - HW 11 :: BCS theory

PHSX 545

Problem 1

The Cooper pair wave function for a triplet state is given by rank-2 spinor
v(k) = A(k) - [iooy],

where A(k) is the vector gap function in momentum space, and o, . are Pauli matrices. Show that the expectation
value for the spin of the pair is:

and determine the missing piece to go in place of the ....

Problem 2

The mean-field Hamiltonian in the BCS theory can be written as:

H= Eanf + Z hi hx = §k(a£Tak¢ + aikia_ki) — (AkaI{TaiM + Al*(a_kJ/akT)
k

with By = S0 Af(a_y axy).

For each pair (k 1, —k ) consider a basis in Fock space made up of 4 states: |[nip,n_k; ) =
(10,0),11,0),]0,1),]1,1)).

(a) By acting with hyx on | nks, n_k| ) show that this is a complete set of states (no new states appear). Find the
eigenstates of hy in terms of | nkqy, n_yk ) and their energies. Properly normalize them.

(b) Write the state with the lowest energy in the form | BC'S) = ux|0,0) + vk|1,1). Determine uy, vx. Show that
operator byt = ukakr — vkaT_k . annihilates this state. Construct by in a similar fashion.

(c) Express the other 3 eigenstates of hy in terms of bT-operators acting on | BC'S') ground state. Find the excitation
energies of these states compared to the BCS ground state.



Answer of exercise 1

According to the usual rules of finding an expectation value of an operator, for a single spin in a state « described
by spinor (‘spin wave function’) x.(s) we have

ZXQ Uss’ Xa( /)

with summation over coordinate values for the spin s = 1,2 (or s = —1, +1). If we have a two-particle state xo5(s1, $2)
we need to sum over spin coordinates of both particles. To find the expectation value of say spin 1, we write:

. . h
<Sl> = Z Z Xaﬁ(sla 82) 5525/250-815/1 Xaﬁ(slhs/z)

’ ’
82,89 81,57

and bring it to a more compact form, that will allow us to use the trace and multiplication properties of the Pauli
matrices:

h h
Z Z Xa,ﬁ S1,52) Uelsl Xaﬂ 51a32 Z Z Xaﬁ 52,51) o'sls1 Xa6(31752) §TT{X(J;5 o Xa,B}

52 51731 S2 31,51

where the T operation means taking complex conjugate and exchange of coordinates s; <+ so. Similarly, for spin 2
one can show:
A h . * R h
(S2) = 5Tr {Xaﬁ o xlg} T {xaﬁ o XQB} 5Tr {xlﬁ o Xaﬁ}

where T is the tranpose operation. Triplet states are symmetric in spin coordinates and the transposition leaves the
state the same.

The given two-particle wave function is written using Pauli matrices, with the rows and columns being the coordi-
nates of spin 1 and spin 2 respectively:

w(k§ S1,82) = A(k) ) [io’ay]swz )
and we write for the spin expectation value,

dk

S= Sl+Sg

h h
k 51752) (20513/ 65232 + 6513 0-525 )w(kv 8,178/2)

S1, Sl S2, 82
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=i [ G T 09 0 000)

where in the last step we used the symmetric property of the triplet states. Calculation of the spin trace is done using
the properties of the Pauli matrices:

Tr{¢T(k) oy (k)} = Tr{[~ioyo - A*(k)|ofio - A(k)o,]} = Tr{[o - A*(k)]o[o - A(K)]}
=Tr{olo- Ak)][o - A*(k)]} = Tr{o[A(k) - A" (k) +io - (A(k) x A*(k))]}

= 2iA(k) x A*(k)

The factor 2 in front is from unnormalized way of writing the spin wave function. We omit it in the final answer. The
expectation value for the spin of the pair is then:

3

S=(S:+8,) = zh/ (;lﬁ];

A(k) x A*(K)



Answer of exercise 2
The mean-field BCS Hamiltonian is

H = Egnf + Z hx hx = fk(abam + aT_kia_ki) — (AkaI(TaT—ki + Ai"(a_klakT)
k
For each pair (k 1, —k |) consider a basis in Fock space made up of 4 states: |[nip,n_k,) =

(10,0),11,0),]0,1),]1,1)) that we will label (in this order) as |i =1,2,3,4).
(a) We can create a table of action:

hk|070> = _Ak|171>

hk|1,0) = &|1,0)

hi|0,1) = &[0,1)

hi|1,1) =2&|1,1) — Ag|0,0)
)

that one can cast into matrix form, h;; = (i |hk|j), and use it to find its eigenvalues and eigenvectors in this basis:

4 .
VYn=1,2,34 = Dy Ci| 1)

0 0 0 —A; 0 0 0 —A; a1 a1
0 0 0 2 0 0 0 c c
M= o % & 0 > We=Eg. 0 % & 0 o | =F| e
—Ak 0 0 2fk —Ak 0 0 ka Cy Cq

It is easy to find the 4 eigenstates:

Uk
0
vi=| g | =wl0,0)+ud 1) B =& /& + Ak
Uk
0
1
Vo = 0 =11,0) Ep = &k
0
0
0
vs=| 1 | =10,1)  Ez=é&
0
_Ul’i
0 . X
vi=| o | =-ukl0,0) +upl 1) Br=Got /& + AP
uj

with

By + & Ag 2 2
ux = vk = lu* + Jo* =1 Ex = /&R + |Ak|?
V(B + &% T [A P V(B + &% 1 [A? 8

With these definitions all the states are properly normalized and orthogonal.
(b) We write the lowest energy state

| BC'S) = uk| 0,0) + vieafyaly 0,0)

with the same coefficients as defined above. Acting with by = ukarr — vkaiki on this gives (omitting obvious
vanishing terms):

bxt| BCS) = (ukaxt — vkaiki)(uk + UkaLTaikiﬂ 0,0) = ukvk(akTCL;f(Taikl - aik¢)| 0,0)



= 1L1(111<((1T_ki — aLTakTaT—k,L — aT_ki)| 0,0)=0

where we used anticommutation relations of fermionic operators.
To construct by we look at another part of BCS state:

| BCS) = u_i]0,0) +v_ral . al,[0,0)

and to make sure we have similar cancellation we need to change sign in front of the creation part since additional -1

sign appear due to akiaf_kT = _af_maki:

by, = u_xax + U—kaT_kT = uxag| + UkaT_kT

and also

b,k¢=uka,k¢+vka1¢ b,kuBCS>=O

(c) To express other states through the | BC'S) ground state we act with creation b operators on it:

Uy = bl | BCS) | = (upaly — viia_i)) (ux + veafqal )[0,0) = (juPaly — [oxa_igalialy)]0,0)

= (|lu|* + |vk|2)alt¢\ 0,0)=1,0) =2 Ey — By = & — (b — Bx) = B = /& + [Ax?

¢3:bf_k¢\305> =10,1) By — By = & — (S — Bx) = B = /& + | Ak[?

These are single particle excitations.

g = bl | BCS) | = (uialy — via—iy)al [0,0) = —vg]0,0) +up|1,1)

Ey— Ei = (& + Ex) — (&k — Bx) = 2By = 24/& + |Ax[?

This is the excited state of the pair, two-particle excitation.




